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COMMENT ON “ONE-WAY DEEICIT OF TWO QUBIT X STATES” 


NAIHUAN JING, XIA ZHANG*, YAO-KUN WANG 


Abstract. We improve the recent method of Wang et. al to calculate exactly the one-way infor¬ 
mation deficit of any X-state. Analytical formulas of the one-way information deficit are given for 
several nontrivial regions of the parameters. 


1. Introduction 

Quantum discord is one of the quantum correlations that has been studied intensively similar 
to quantum entanglement in quantum information process. It measures the difference between the 
mutual information and maximal classical mutual information [T]. Besides the quantum discord, 
other quantum correlations have also been introduced in various applications Elia, for example, 
one-way information deficits. In ElE], Streltsov et al. defined the quantity by the relative entropy, 
which has shown its close relationship with quantum entanglement. The one-way information deficit 
by the Von Neumann measurement for a quantum density matrix with respect to the first 
component is given by 

(1.1) = min 

where the minimum is taken over Von Neuannn measurements and S is the entropy. The Von 
Neuannn measurements are parametrized by the set of all complete rank one orthogonal projectors 
= !*“)(*“I such that In general it is a complex problem to compute the one-way 

information deficit exactly, similar to the situation of the quantum discord (cf. [7]). 

Recently in [5] , Wang et al. have proposed a method to evaluate the one-way information deficit 
for an X state, which generalizes the earlier work [S]. The idea of this new method is to reduce the 
calculation to an optimization question with fewer variables. However, we find that Ref. [5] provides 
the answer for degenerate cases and in general only gives an estimate. In this note, we generalize 
and improve their method and obtain an exact answer for the one-way information deficit of any X- 
state. Furthermore, several analytical formulas of the one-way information deficit are given for some 
nontrivial regions of the parameters, in particular, these include cases with nonzero z-components 
in the Bloch decomposition of the density matrix. 

2. ONE-WAY INFORMATION DEFICIT FOR X STATES 

First of all, one observes that the one-way information deficit is invariant under local unitary 
transformations. For a general two qubit X-state one considers the quantum state in the following 
form: 

3 3 3 

(2.1) = - (/ (g) / -p 0 / + ^ SiCTi -b ^ Ciffi 0 (Ti), 

i—1 i—1 2=1 
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where r = {ri, 7’2, ra}, s = {si, 32,53} are the Bloch vectors, Xi < 1 and 

are the standard Pauli spin matrices. Here the Bloch vectors are assumed in the z-direction, 
that is, r = { 0 , 0 , raj, s = { 0 , 0 , S 3 }. Then the state can be written as 

3 


( 2 . 2 ) 


1 


/o“^ = ^(/ 0 / + raCTa 0 / + S3J 0 <73 + ^ CiiTi 0 ct*), 


i=l 


where r3,S3 £ [—1,1] and Xi < 1- In terms of the computational basis |00), |01), |10), |11), the 
matrix form of is 

/l + ra + S3 - ca 0 0 


1 

"=4 




( 2 . 3 ) 

The eigenvalues are: 


V 


Cl - C 2 
0 
0 

l-ca-sa + ca/ 


0 1 + ra - S3 - ca ci + C2 

0 Cl + C 2 1 - ra + S 3 - ca 

Cl — C2 0 0 

??1,2 = ^(1 - Ca ± y(r^^^7^pY7cNr"c^), 

V3,4 = ^(1 + Ca ± ^(r^^^s^F+TcNNj^). 

Then the entropy of p is given by 

S{p) = 2 - i(l - Ca + y(r[N^s[}) 2 Y^c 7 Tc^) log2(l - C3 + \/(r^^^s^F^r(c 7 Tc^) 

- ^(1 - Ca - ^(7-3 - 33)2 + (ci +C2)2) log2(l - Ca - \/(r^^^s^pY^c 7 Tc^) 

( 2 . 4 ) - ^(1 + Ca + \/(ca - sa)^ + (ci - €2)'^) log2(l + ca + -^/(ca - sa)^ + (ci - 02)"^) 

- i(l + Ca - ^(ra - sa)^ + (ci - 02)^) log2(l + ca - y /(ra - sa)^ + (ci - 02)'^). 

Note that any Von Neumann measurement can be realized by 

( 2 . 5 ) {Bk = VUkV^ : fc = 0 , 1 } 

where Hfc = |fc)(fc| : fc = 0 , 1 and V £ SU( 2 ). Then the minimum in Eq. ( 11 . 11 ) is taken over the group 
SU( 2 ). We will compute the one-way information deficit with respect to the second particle and the 
superscript of H^ is removed for simplicity. Each unitary operator V £ SU( 2 ) can be written as 

3 

V = tl + f 

i=l 

where t, j/i £ R and -I- Xi=i Vi = 

After the measurement {Bk}, the state p is changed to the ensemble {pk,Pk}- 


( 2 . 6 ) 


Pk = — {1 0 Bk)p{I 0 Bk), 
Pk 


where pk = tr{I 0 Bk)p{I 0 Bk). It follows from [8] that 


1 ^ 

PoPo = + S 3 Z 3 I + rscrs + ^(ciZi)cri) 0 (VHoEI), 


i=l 

3 


PiPi = - S 3 Z 3 I + rsas - '^{ciZi)ai) 0 (FHiVl), 
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where Zi = 2 (yi ?/3 -ty2), Z2 = 2 {tyi + ^22/3), f + yl - yj - yj. Here it is easy to check directly 
that zf = So the minimum in the one-way information deficit is taken over the unit sphere. 

The eigenvalues of poPo + PiPi are 


Ai,2 = ^ ± + 2r3Z3 +Y^{ciZiy 

A3.4 = 7(1- 53^3 ± /r| - 2 r 3 Z 3 + '^{aziy 


Let (j) = Z3, 9 = cfzf + C2Z2 + C3Z3, then the entropy of HfepEfc is 


SiY^^kpTlk) = F{e,cl)) 

k 

= 2 - i(l S3(j) + Y^r| + 2r3C3(l) + e) log 2 (l -h S3</> + \/rl + 2r3C3(l) + 9) 

(2.7) - i(l -f S3^ - + 2r3C3(l) + 9)log2{l + S3(j) - -y/rf +2r3C3(l> + 9) 

- i(l - S34> + \Jrl- 2r3C3(l) + 9) log2(l - S3(t) + \Jrl- 2r3C3(t> + 9) 

- i(l - S34> - \Jrl- 2r3C3(j) + 9) log2(l - S3(t) - \Jrl- 2r3C3(t> + 9). 

Note that F{9, </>) is an even function for the variable (j), so we can focus on ^ S [0,1] instead of 
[-1,1]- 

As in [8], we compute that 

dF 1 1 ^ 1 + S'^(j) + + 2r^c^(j) + 6 

^ \/r| 2r3C3(j) + 9 1 + S3(j) - y/rl + 2r3C3(j) + 9 

1 1 , 1 - S3(j) + y/r'^ - 2r3C3(/> -h 9 

8 \/r| - 2 r 3 C 3 (j) + 9 1 - S 3 (j) - \Jr\- 2 r 3 C 34 > -l- 9 

Thus S'(^j,nfcpnfc) = F{9,(j)) is decreasing about 9. For any fixed cj) = Z 3 = (j)o G [0,1], 

the minimum of F{9,(j)Q) should be achieved at the maximum allowable value of 9. For cj) = (pQ, 

9 = c^zl + C 2 Z 2 + c§(/)q, and since zf + Z 2 + (po = 1, we get that 

9 = clzl + clz^2+44 

(2.9) < c^izl + z^ 2 ) + cUl 

2 2i2 I 2 i2 2 I / 2 2\ /2 

— C — C 0 Q -b CgQp — C -b (Cg — C ) 0 Q, 

where c = max{\ci\, |c 2 |}, and the equality can be achieved by appropriate t, yi or zi, 2 ; 2 - In fact, if 
jcij > |c 2 |, then c = jcij. Take Z 2 = 0, then 9 = + 44o = c^(l ~ ‘(’ 0 ) + 44o = + (c| — c^)4>q- 

So for each fixed (p = (po the maximum value of 0 is -b (c| — c^)(/)q. Therefore for (p G [0,1] the 

minimum of F{9,(p), or the maximum of 2 — F{9,<p)^ is given by the maximum of the following 
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function 

G{4>)=2-F{^ + {cl-^)cl,\ct^) 

(2.10) = + ®3</> + R+) log2(l + S^cj) + i?+) + -(1 + S3(j) — i?+) log2(l + S^(j) — R+) 

+ ^(1 - s^(j) + i?_) log2(l - S^cj) + i?_) + i(l - s^(j) - i?_) log2(l - s^(j) - R_), 

where R± = y^r| ± 2r3C3^ + + (c| — = y/(ra ± +0^(1 — This transforms the 

question of ininS'(^j, 11 ^/ 011 ^) to the maximization of a one variable function. 

By the definition of the one-way information deficit and Eq. (12.41) it follows that 


= mm sC^UkpUk) - S{p) 

fc 

= ^(1 - C3 \/{rs - Ss)^ + (ci -h C2)2) log2(l - C3 -h \/(fs - 53)^ (ci -h C2)2) 

+ ^(1 - C 3 - V (.^3 - 33)"^ + (ci + 02)"^) l 0 g 2 (l - C 3 - ^/{r 3 - 83)^ + {01 + 02)"^) 

+ ^(1 + C3 -h \/(r-s - 53)^ + (ci - C2)2) log2(l -h C3 V(r'3 - 53)^ + (ci - 02)^) 

+ ^(1 + C3 - \/(r-s - 53)^ + (ci - C2)2) log2(l -h C3 - \/(r3 - 53)2 -h (ci - 02)^) 

— max G(6), 

0e[o.i] 

where c = max{\ci\, |c 2 |} in the definition of G{<j)) (see Eq. (12.101) 1. Eq. (12.111) gives an exact answer 
of the one-way information deficit of an arbitrary X-state and replaces Eq. (15) of [9]. In particular, 
the formulas contain cases with nonzero components of the z-direction in the Bloch representation 
of the density matrix p (see B emark 1231) . 

We now compute the maximum value of G(0) (0 < ^ < 1) for some nontrivial cases. First we 
have 


R'±{4>) = R±^ ■ (±r3C3 -h {cl - c^)4>), 


( 2 . 12 ) 


G'(</.) = :^log 2 


1 + 53 ^ + i?-|_ 
1 + 530 - 


R'— , 1 — 530 + R— 

£3 J (1 -|- S 3 (j) + 1?+)(1 -|- S 3 (j) — R+) 

4 (1 - S3(/i-I-i?_)(l - S3()) - i?_) 


Note that 


(2.13) Rl-Rl= 4r3C3<^, 

(2.14) (1 -|- S3()) -|- i?+)(l -|- S3(f) — R^) — (1 — S3(f) + i?_)(l — S3(f) — i?_) = 4 (s3 — r3C3)(j), 

(2.15) (1 -|- S3cj) — i?+)(l — S3(/) -|- R-) — (1 -|- S3(f) + i?+)(l — S3(j> — R-) 

= 2{R_ — -I- S 3 (/)(i?_|_ -I- R-)) = —— f (—2r3C3 -|- 53 ( 1 ?+ -I- R-)'^) 

-Tt-I- + -Tt— 

We then have the following results: 

(i) Suppose c| — > r|, r 3 C 3 < 0, and S 3 > 0. Then R'_ = i?Z^(—r 3 C 3 -I- {cl — c^)4>) > 0 for 

(j) € [0,1]. By Eq. (I2.14p . the 3rd term in G'{(f>) in Eq. (12.121) is nonnegative. If follows from Eq. 

(12.151) that the first log 2 -expression of G'{(j)) is < the second one for £ [0, !]■ Then we compute 
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that 


\ 1 1 + S30 + i?-|_ 1 — S34> + R- 

G W > — log2 , . - . o + — l»g2 


( 2 . 16 ) 


“i ^ 1 + S3(f) — i?-|_ 

1 1 + S3(j) + i?-)- / 

= 4'“®^TW^ 


O/ , O/ l-S 3 </' + i?- 


log; 


1 + S3(^ + i?-|- 
1 + S 3 (^ — i?+ ^ 




Since R'^{0) + i?'_(0) = 0 and 
(2.17) R'licj,) + R'LW = 


, u'UA\- ^ f rscs + {cl - c^)(j) -rsCs + {c^ - c^)(j) 


d(j) \ 


Ra 


R- 


1 


1 


which is > 0, thus G'{(j)) > 0. Therefore the maximum of G{(j)) on [0,1] is 


(2.18) 


G(l) = ^(1 + S 3 + ^3 + C3I) log2(l + S3 + |r3 + C3I) 
+ ^(1 + S3 - |r3 + C3|)log2(l + S3 - |r3 + C3I) 
+ ^(1 - S3 + \r3 - C3|)log2(l - S3 + |r3 - C3I) 


+ 4(1 - S3 - k 3 - C3|)log2(l - S3 - |r3 - C3I). 


(ii) Suppose r 3 C 3 > 0, Cg — > r|, and S 3 < 0. Now the 3rd term of G'{4>) in Eq. (12.121) is still 

nonnegative, and i?+ > i?_. Note that R'_^_ = i?+^(r 3 C 3 + (c§ — c^)(t)) > i?+^r 3 C 3 > 0 for 0 < <)> < 1, 
and the hrst log is > the second log in G'{<j)) by the first identity of Eq. (I2.15E So 


G'{ct>) >?^\og^ 


1 + S3(j) + R-\. 

1 + S3(j) — Rj- 



1 - S34) + R- 
1 — S34> — R- 


(2.19) 


> 


Jl0g2 

Jl0g2 


1 —S3^+i?_ ( j l + S3(/) + i?+ 
l-S3(^-i?_ l + S3((l-i?+ 


1 — S3(f> R— 
1 — S3(f> — R- 


{R'+ + R'.). 



1 — S3(/) + R- 
1 — S3(p — i?_ 


-1 


+ i?'_ 


Similarly by Eq. (12.171) we have R+{4>) + R-i4>) ^ 0; then G'{4>) > 0 for <)> £ [0,1]. Therefore the 
maximum of G{(j)) on [0,1] is again 0(1) given in Eq. (I2.18E 


(iii) Suppose S 3 = r 3 C 3 < 0, = c§, and max{|c|, |r 3 |} > l/-\/2. Now Eq. (12.141) implies that the 

third term of G'(0) is 0. Note that i?(^ = i?+^(r 3 C 3 + (c| — c^)(/)) = i?+^r 3 C 3 < 0. 

When c§ = c^, we have 


(i?+ + R.f = 2{rl +c^ + (cl - + 2^{rl+c^ + {cl-c^Wr-Arlcl^^ 

= 2(t 3 + c^) + 2^{rl + - Arlclcj)'^ 

> 2(r3 +c^ + Irg - c^l) = 4max{r3,c^} > 2. 
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So — 2 r 3 C 3 + S 3 (i?+ + R-Y = S 3 (—2 + + R-Y) < 0, then it follows from Eq. (12.151) that the 

first-log expression > the second log-expression in G" (</>). Subsequently 


r "( A \ ^'+ 1 + 531^-1- 

G (0) = — log; 


( 2 . 20 ) 


1 


^ 1 + S30 — i?-|_ 

1 - S30 -I- R- 


R'_ 1 — S30 -l- R— 


- 4 1-b,4,- R_ 




Recall that R+(0) -I- i?(_(0) = 0, and Eq. (12.171) implies that R+(0) + R" (0) < 0, thus G'(0) < 0 
for 0 S [0,1]. Therefore the maximum of G(0) on [0,1] is 

(2.21) G(0) = i(l -f sj rl + c^)\og^{l -f \Jrl+c^) + Ul - -f c^) log 2 (l - \Jrl+c^). 


(iv) Suppose r -3 = 0. Then = i?_. It is easy to see that if S 3 > 0 and c| > (resp. S 3 < 0 
and C 3 < (?), then G(l) (resp. G(0)) is the maximum: 

G(l) = i(l -f S3 -b |c3|)l0g2(l -b S3 -b |C3|) -b i(l -b S3 - |c3|)l0g2(l -b S3 - |c3|) 

+ ^(1 - S 3 + |c3|)l0g2(l - S 3 -b |C3|) -b ^(1 - S3 - |c3|)log2(l - S3 - jcsl), 

G(0) = ^(1 + |c|) log 2 (l + |c|) + ^(1 - |c|) log 2 (l - |c|). 


We summarize the results in Table 1. 

Table 1. Maximum value of G(0). 


Cases 

Conditions 

Maximum 

(i) 

C 3 - > r| 

rgcg < 0 

S3 > 0 


G(l) 

(ii) 

c| - > r| 

C 3 C 3 > 0 

S3 <0 


G(l) 

(iii) 

ci=c 2 


S 3 = C 3 C 3 < 0 

maxdrgj, jcj} > ^ 

G(0) 

(iv) 

Al VI 

rg = 0 

S3 >0 

S3 <0 


G(l) 

G(0) 


In the following we comment on our exact solutions. 

Remark 2.1. In [5], it was argued that if one defines 0 = 23 , 0 = c^zf + c^z\ -b then 0 G [—1,1], 
'/Q < C = max{|ci|, |c 2 |, Icsj} and the equality can be achieved. We find that the maximum of 0 
is only equal to G^ in degenerate cases. In fact, the variable 6 is not independent of 0, and the 
maximum of 9 should be related with 0. Actually following [S], since 0 = -b -b Cgzl, to get 
the maximum value G^ means that (zi, Z 2 , Z 3 ) is fixed, then 0 = zg is fixed and can not vary in the 
whole interval [— 1 , 1 ]. 

Eor example, if |c 2 | > jcij, |c 2 | > jcgj and 9 = G^, then we must have zi = zg = 0 = 0 and Z 2 = 1- 
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Remark 2 . 2 . When = 0 , we have 

= ^(1 + \Jc^ + (cl - c^)4>'^) log2(l + \Jc^ + {cl - c2)</)2) 

+ ^(1 - \J+ {cl - 0 ^) 4 ’'^) log2(l - \Jc^ + (c§ - c 2 )</> 2 ). 

Let C = max{|ci|, |c2|, |c3|}, it follows from the above table that 

maxC?(^) = i(l + C)log2(l + C') + i(l-C')log2(l-C'). 

Therefore, when = 0 , 

A“*'(p) = min5'(^ n^pllfc) - S{p) 

k 

= -(1 - Cl + C2 + C3)l0g2(l - Cl + C2 + C3) + -(1 - Cl - C2 - C3)log2(l - Cl - C2 - C3) 

+ i(l + Cl + C2 - C3)l0g2(l + Cl + C2 - C3) + ^(1 + Cl - C2 + C3)log2(l + Cl - C2 + C3) 

- i(l + C) log2(l + C) - i(l - C) l0g2(l - C), 

which is the one-way information deficit of the Bell-diagonal state given in [ 9 ]. 

Remark 2.3. We have used programs to check our results on randomly generated sets of 
parameters Ci,r 3 ,S 3 such that \ci\ < 1 and |r-3| -|- jss] -I- |c3| < 1 . We have compared 101 x 101 
values of 2 — F{ 9 , 4 ), where 9 = cf (1 — cos^ a-|- c|(l — 4 "^) sin^ a+ 014 "^ at the equal lattice points 
of {a, 4 ) G [0, 27r] X [0,1] with 101 values of G{ 4 ) at the equal partition points of 4 on [0,1] to find 
that their maximum values agree to our satisfaction. 

We remark that with some simple choice of the 5 parameters such that r3, S3 ^ 0 , Maple fails to 
compute the maximum values of G{ 4 ) and 2 — F{ 9 , 4 )- 
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